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Properties of a laser based on evanescent-wave
amplification
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The criteria for lasing in a dielectric sphere surrounded by an active medium are given. They are presented in
simple analytical form and confirmed by numeric calculations of the amplitudes of the morphology-dependent
resonances in spontaneous emission spectra. The determined lasing threshold of this novel-type laser is com-
pared with that of a conventional spherical laser with an optically active internal layer. The diverse advan-
tages of a laser based on the gain of the evanescent part of a whispering-gallery mode are discussed. © 2005
Optical Society of America

OCIS codes: 140.3410, 140.3430, 260.2510, 260.5740.
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. INTRODUCTION
laser can be considered as a photonic device that con-

ists of an active medium and an optical cavity. It is com-
only understood that the active medium should be lo-

ated inside of the optical cavity.1 Recent years have
hown an increased interest in spherical microlasers.1–8

heir modes, called whispering-gallery modes (WGMs),
re commonly imagined as closed-trajectory rays confined
ithin the cavity by almost total internal reflection from

he spherical surface. Because of these modes,
orphology-dependent resonances (MDRs) appear in the

pectra of elastic light scattering, fluorescence, Raman
cattering, and lasing. The WGM microcavities are char-
cterized by (i) extremely high-quality factors, (ii) small
olumes of excitation, and (iii) the surface character of the
lectromagnetic modes. Owing to these properties, a novel
GM laser could be realized in which the active medium

s located outside of the sphere.
New optical effects in WGM microlasers have emerged

hrough recent research, and such discoveries are listed
ere. A microsphere laser pumped by the evanescent field
f a prism by way of the evanescent field of a microsphere
as developed.2,5 Coupling between the lasing particle
nd a glass plate3 or other particle8,9 was observed. A
heory of coupling of high-Q WGMs in a microsphere with
ifferent coupler devices was developed.10 Theoretical cal-
ulations showed that the evanescent part of the WGM of
transparent microsphere should dramatically increase

he efficiency of inelastic light scattering (Raman scatter-
ng and fluorescence) in vapor.11 The radiative coupling of
ndividual atoms in a dilute vapor to the external evanes-
ent field of WGM of a fused-silica microsphere was
eported.12 It was demonstrated that a laser threshold
ondition could be satisfied in a microlaser based on light
mission from a single quantum dot in the evanescent
art of a microsphere WGM.13,14 Lasing and quantum
lectrodynamic (QED) effects in the composite
icrosphere–quantum-dot optical cavities were
0740-3224/05/071471-8/$15.00 © 2
etected.15–17 Schemes of microlasers with optically active
ye molecules1 or ions18 located within a surface monomo-
ecular layer1 or a shell surrounding a microspherical
avity18 were investigated. Recently, laser generation due
o pumping of dye-doped liquid surrounding a fused-silica
pherical microcavity was demonstrated.19,20

In this paper, the criteria for lasing in a sphere with an
ctive internal layer and in a spherical WGM laser with
vanescent-wave amplification (EWA) are derived. We
redict also that the concept of EWA will enable new ef-
ects, e.g., a high saturation level of the emission intensity
nd realization of strong coupling between cavity modes
nd quantum-dot-type emitters. The size of this laser
ould be as small as a few tens of micrometers.

. DEFINITION OF THE LASING
HRESHOLD CONDITIONS
. Einstein Coefficient for Spontaneous Emission in an
ctive Cavity
ecently, a quantum theory for spontaneous emission in
bsorbing and dispersive media has been developed.21,22

his theory expresses the Einstein coefficient A for spon-
aneous emission through the Green tensor of a classical
ave equation, the Maxwell equation for vector potential.

n particular, the rate of electric dipole emission in a mul-
ilayered spherical structure with arbitrary complex re-
ractive indices could be determined. For brevity’s sake,
he formulas for A that we apply in this paper are pre-
ented in Appendix A.23

Even in the first calculations of the Einstein coefficient
or spontaneous emission in a micrometer-sized sphere,
harp spikes in the dependence of A on angular frequency

of light appeared.24,25 Below, we show that the ampli-
udes of such MDRs in spontaneous emission spectra in-
rease if the light is amplified whether (i) within the
phere or (ii) in its surroundings.

Figure 1 shows a simplified scheme of a spherical laser.
ts basic element is a silica or polymer, e.g., polymethyl-
005 Optical Society of America



m
n
t
n
a
u
T
c
e
i
e
t
a
i
e
=
r
s
b
o

s

u
a
w
a
a
g

c
q
v

a
t
t
t
c
n
t
c
t

w
w
T
n
c

p
e

F
o
a
l
F
m
w

F
f
s
(
w
s
=
l
t
E

1472 J. Opt. Soc. Am. B/Vol. 22, No. 7 /July 2005 Datsuyk et al.
ethacrylate (PMMA), sphere with a refractive index of
3r=1.5. First, let us investigate the properties of an op-
ically active homogeneous sphere placed in water (with
1r=1.33). In this case, layers 1 and 2 shown in Fig. 1(a)
re, in fact, one layer. A value of A can be found readily
sing the formulas of Eqs. (A1)–(A6) given in Appendix A.
he solid curves denoted as 1 and 2 in Fig. 2 present the
alculated ratios A /Ah, where A;kAl denotes the rate av-
raged over the orientation of the dipole and its location
n volume 3 [see Fig. 1(a)]; Ah is the rate of spontaneous
mission in a homogeneous boundless volume with refrac-
ive index n3r ;nf and kf= sv /cdnf are the refractive index
nd the wave vector of light in layer f, respectively; and c
s the speed of light in a vacuum. The calculations we ex-
cuted for definite values of the parameter x=k1a2 are x
221.8734588 and x=221.5292874 for Figs. 2(a) and 2(b),
espectively, at which the particular transverse magnetic
TMl

qd and transverse electric sTEl
qd modes with the num-

er l=240 and order q=1 are dominant in the spontane-
us emission process.

Figure 2 demonstrates that the local characteristics of
pontaneous emission of the homogeneous sphere

A → ` s1d

nder certain conditions. To specify these conditions we
dded the left vertical lines in Figs. 2(a) and 2(b). These
ere found analytically from a consideration of the bal-
nce between the rates of WGM energy dissipation and
mplification. Details of this analytical calculation are
iven in Subsection 2.B.

According to the executed numeric and analytical cal-
ulations, relation (1) takes place if (i) the angular fre-
uency of radiation v is equal to the resonant frequency
s0 of a WGM,

ig. 1. (a) Scheme of the spherical laser and (b) negative photo
f its prototype. (a) Index f=3 denotes a transparent dielectric, 1
nd 2 are the same surrounding medium with possible gain in
ayer 2, a1=a2n3r /n1ris the radius of the external caustic.26 (b)
luorescence of a 12 mm radius dye-doped PMMA sphere im-
ersed in water and pumped by a 440 mW cw laser at a 532 nm
avelength.
v = vs0, s2d

nd if (ii) energy losses in the cavity are compensated by
he light gain. In this paper we name these two conditions
he lasing threshold conditions. It is worth noting that
here is an alternate for relation (1). Namely, the in-
reases in the MDR amplitudes are concomitant with a
arrowing of the resonances. Therefore, instead of rela-
ion (1), one could state that the width of a MDR Dvs in a
alculated spectral dependence of A approaches zero. This
rend can be described quantitatively by the equation

Dvs = Cs/Asvs0d → 0, s3d

here Cs is a constant. Note that Eqs. (1) and (3) occur
hen a sphere is optically active but is not lasing sphere.
herefore the nonlinear growth of Asvs0d and nonlinear
arrowing of the MDRs are not caused by a lasing pro-
ess.

Strictly speaking, relation (1) indicates that the ap-
roximation of weak coupling of an electric dipole and
lectromagnetic field, and hence the concept of the Ein-

ig. 2. Average rate A /Ah versus −ni for emission with the MDR
requencies of the (a) TM240

1 and (b) TE240
1 WGMs (see text). The

olid curves were calculated by use of the formulas of Eqs.
A1)–(A8). Curves 1 describe the emission of an active sphere in
ater, n3=1.5+ ı ni; curves 2 relate to the emission of a passive

phere surrounded by an active water layer, n3=1.5+ ı 10−9, n2
1.33+ ı ni, a1−a2.0.13 a2. The vertical dashed lines show the

asing threshold values given by Eq. (16) at a=a2, y=mr with fac-
ors of Eq. (9) [(a), right vertical], Eq. (10) [(b), right vertical], and
q. (11) (left verticals).
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tein coefficients, is no longer valid.24,25,27 However, we do
ot examine the regime of strong coupling leading to the
abi oscillations22,27,28 but rather consider the relation (1)
s a sign that the threshold for lasing has been achieved.
Although the above consideration has not, to our

nowledge, been presented elsewhere, it does not differ
rom the common laser concept. The novelty of this paper
onsists in the exploration of lasing in a three-layered
pherical structure of innovative design. We propose to
lace the passive sphere 3 into a dye-doped liquid (see
ig. 1). The liquid layer 2 is presumed to be optically ex-
ited and has a complex refractive index n2=1.33+ ı ni.

23

n the particular calculations, we added an imaginary
alue of ı310−9 to n3r to take into account the natural
ight absorption in the dielectric. The solid curves 2 in
ig. 2 show the change of the averaged normalized rate of
pontaneous emission inside sphere 3 caused by light
ain in the evanescent-wave region of WGM. The singu-
arities of A /Ah found for this scheme clearly show that
asing can be achieved when the active medium is located
utside of the resonator volume. Of course, the correspon-
ent lasing threshold values of −ni from 2310−7 to 4
10−6 are higher than those of the conventional WGM la-

er. However, they are well below the value of −ni.2.5
10−3, which can be obtained by illumination of dye-

oped liquid.29 Hence, such an EWA laser is experimen-
ally viable.

. Quality Factor of a Whispering-Gallery Mode
he above-formulated conditions of the lasing threshold
an be found in the framework of classical electromag-
etic theory. Furthermore, the problem can be much sim-
lified if one considers layer 2 in Fig. 1(a) as a perturba-
ion of medium 1 (for an EWA laser) and sphere 3 (for a
onventional WGM laser). In this case, the characteristics
f a homogeneous sphere have to be calculated. The right-
and side of Eq. (2) can be found both numerically and
nalytically.6,7,30 The second lasing threshold condition
an be written as follows:

1/Qs = 0, s4d

here Qs is the quality factor of the mode s with fre-
uency vs.
The value of Qs should account for various processes of

nergy loss and the process of light amplification, and it
an be found from the following equation:6,7,30–32

1

Qs
=

1

Qs0
+

1

Qa
,

1

Qs0
; o

i

1

Qi
, s5d

here Qi is the partial quality factor pertinent to process
. The processes that affect the quantity Qs0 are the fol-
owing: light radiation by an homogeneous sphere of ideal
pherical shape,7,33 light scattering on inhomogenieties of
he cavity surface6,7 or on submicrometer-sized
nclusions,34 or the sum of light absorption and amplifica-
ion by the resonator material (described by the factor

a). A minor role can also be played by the coupling of the
avity modes with other laser device components. In solid
avities with extremely high Q factors, allowance should
e given for light absorption by a surface water
anolayer.7
In practice, Q values as large as 109–1010 were
btained.7,35 We chose a value of a2 so that a quantity of
s0.23106 is determined by the radiative energy loss.
In Eq. (5) we separated the factor Qa since we paid spe-

ial attention to the amplification of radiation. Neglecting
he influence of ni on the mode structure and intermode
nergy exchange, the factor Qa could be calculated from
he following equation:

1

Qa
=

1

4pNs
EEE eisrd, uEssrdu2dV, s6d

ith

Ns =
1

4p
EEE ersrduEssrdu2dV, s7d

here ei and er are the imaginary and real part of the per-
ittivity, respectively, and Essrd is the electric field of the

esonant mode. Integrations in the right-hand sides of
qs. (6) and (7) are over the resonator volume. For the
GM, this volume is defined by inequality rømra, where
r;n3r /n1r is the relative refractive index.7,33 The esti-
ate rc=mra2 of the open-cavity radius is in accordance
ith the ray-optics studies.11,26

The normalization of the electric field by Eq. (7) is rig-
rous for a closed cavity and is approximate for an open
ne. Methods of normalization of the electromagnetic
odes of an open cavity allowing for radiative energy

osses were discussed elsewhere.28,33,36

From the formula of Eq. (6) we can find factors that ex-
ress the effects of light absorption or amplification inside
0ørøad or outside saørøayd a homogeneous sphere
ith radius a:

1

Qa
=

2n3i

n3r
uin,

1

Qa
=

2n3i

n3r
uexsyd, s8d

here quantity y can, in principle, lie in the interval from
to infinity. In this paper we define, for the first time to

ur knowledge, the following formulas for the parameters
f Eqs. (8) uexsyd and uin. The factor uexsyd is equal to

uex =
mr

2

hin + hexsmrd
Hhexsyd +

1

x
ReF z*sydz8syd

uzsxdu2
−

z8sxd

zsxd GJ
s9d

or a TMl mode and

uex =
mr

2hexsyd

mr
2hin + hexsmrd

s10d

or a TEl mode. Here, for simplicity, we set the magnetic
ermeability of all layers equal to unity. The factors uin
an be expressed through correspondent factors uexsmrd as
ollows:

uin = 1 −
1

mr
2uexsmrd. s11d

n Eqs. (9) and (10), the term hin is defined by Eq. (A8)
nd
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hexsyd ; E
1

y U zlsxjd

zlsxd
U2

dj. s12d

The factors of Eqs. (9) and (10) that allow for the influ-
nce of the evanescent electric field located in a layer of
idth d=y a2 on the mode energy dynamics are presented

n Fig. 3. Figure 3 shows the results of the calculations
xecuted for the TM240

1 , TE240
1 , and TE232

2 modes of a silica
r PMMA microsphere immersed in water at x
221.8734588, x=221.5292874, and x=221.96325, corre-
pondingly.

In the literature a more simple formula for the fraction
of the TE-mode energy circulating outside of a spherical

avity is found:35

K = fk1a2n3r
2 smr

2 − 1d3/2g−1. s13d

he quantity K, that was called the coefficient of
nclusion,35 gives the ratio of the TE-mode energy in a
ayer a2,r,a2+d to the total TE-mode energy at

d = fk1smr
2 − 1d1/2g−1. s14d

value of uexsdd can be found by multiplication of the fac-
or K by mr

2:

uexsdd = K mr
2. s15d

ccording to Fig. 3, Eqs. (13)–(15) do not give correct val-
es for either the full width of the layer filled by the eva-
escent field or for the quantity uexsdd. On the other hand,
ig. 3 shows that the evanescent field energy is localized

n a layer with a width much narrower than smr−1da2
rc−a2.
Equations (8)–(12) allow us to calculate the lasing

hreshold value of ni for a WGM laser:

ni = −
nr

2Qs0u
. s16d

he vertical dashed lines in Fig. 2 show the equivalence of
he latter condition with relation (1). Values of Qs0 in Eq.
16) were found by calculations of the widths of the MDRs
n the spectral dependence of A.

ig. 3. Dependences of factors uex on the parameter y calculated
or the TM240

1 (curve 1), TE240
1 (curve 2), and TE232

2 (curve 3)
odes of the silica microsphere immersed in water. The cross in-

icates the coordinates calculated with Eqs. (13)–(15) for the
E1 mode.
240
Note that even in the case of a homogeneous distribu-
ion of the absorption inside a spherical cavity, the quan-
ity of Eq. (6) differs from the value 1/Qa=2n3i /n3r known
rom the literature.6,7,30,31 The ratio uin of these quantities
s less than unity because the evanescent wave gives a
mall but noticeable contribution to the integral in the
ight-hand side of Eq. (7).

In this paper we consider only a uniform angular dis-
ribution for the gain and a similar distribution for the
ight absorption. It is hard to achieve such a gain distri-
ution experimentally. It seems that a three-dimensional
roblem should be solved to simulate the realization of
his EWA concept. However, the cavity characteristics of
nterest depend on the integrals of Eq. (6) that can be cal-
ulated readily for an arbitrary spatial distribution of ni.
herefore the problem does have a one-dimensional sim-
licity if the competition between WGMs with different
zimuthal numbers can be neglected. The latter assump-
ion can be valid even though the solid angle V of the ac-
ive region is much less than 4p. In fact, just a few modes
ith m. l are excited in melted-tip microspherical

asers.2,5,15,16,18,20 Under the dot excitation of the cavities,
asing threshold values of ni should be increased by a fac-
or of 4p /V.

. DISTINCTIONS OF A LASER BASED ON
AIN OF THE EVANESCENT WAVE
. Removal of Parasitic Effects
patial separation of the laser-pumping region from the
egion of the maximal field density allows one to avoid
arious undesirable processes. An and Moon20 have re-
orted the possibility of improving the Q factor of a
pherical cavity. According to their opinion, pumping of an
xternal medium can be used to minimize the pumping-
nduced stress and index of refraction change37 in the cav-
ty medium. The aim of the following discussion is to show
hat, in fact, the scope of the evoked phenomena can be
uch broader.
First, under optical pumping of spherical microcavities,

ensing of the incident emission is of great importance.
ecause of this effect, one or two regions with a highly in-
reased density of the electromagnetic field are
ormed.30,38,39 This is accompanied by a few parasitic
ffects.30,37 One of them is local heating of the cavity.30

nder high pumping intensities, ponderomotive
orces30,40 or electrostriction32 play negative roles. Stimu-
ated Raman scattering (SRS)30,31,39 and stimulated Bril-
ouin scattering (SBS)30,38,41 appear in a microsphere that
s often concomitant with the broadening of resonant lines
nd their shift to another wavelength region. Eventually,
hese effects lead to the suppression of lasing.42

Because of the displacement of the active medium from
he laser resonator, optical gain decreases. Therefore, to
btain lasing, one should increase a value of ni by a factor
f uin/uex [ see Eq. (16)]. Similarly, it should grow the
hresholds for the SRS and SBS processes, but the in-
rease should occur to a greater extent. Indeed, in a SRS
aser, optical gain is proportional to the product of the in-
ersion of the population of the initial and final energy
evels and the intensity of light with the photon energy
qual to the difference between the initial and intermedi-
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te energy level. This pump light intensity can be de-
reased in an EWA laser in Xin/Xex times where Xin de-
otes a factor of focusing of the incident radiation inside a
icrosphere. The parameter Xex describes concentration

f the input radiation in the evanescent-wave region. A
ypical value of Xin is Xin.102,37,39 whereas parameter
ex could be as large as unity. Thus a threshold value for

he SRS process in an EWA laser shall be higher by a fac-
or of suin/uexdsXin/Xexd in comparison with the conven-
ional laser scheme. Therefore the SRS and SBS pro-
esses that under typical conditions usually have higher
hresholds can be avoided in an EWA laser.

. Energetic and Spectral Characteristics
he character of high-power lasing in an EWA laser
hould differ markedly from that of a conventional micro-
phere laser. Indeed, the saturation of an active medium
uring EWA is a less important process since there is no
ctive medium inside the sphere. Saturation of the micro-
aser should therefore be observed at higher emission
ntensities.

Another important effect is the burning of holes in the
patial gain distribution.43 In the experiment of Ref. 43,
GMs of a minimum of three orders with both TE and

M polarization were observed in the lasing spectrum. It
as the spatial hole-burning effect that explained the dis-

inction from other experiments in which only WGMs of
he first order contributed to lasing.1,2 In an EWA laser lo-
al gain has a similar influence on WGMs of all orders.
his peculiarity can be seen from Fig. 3, which compares

unctions uexsyd for the WGMs of the first and second or-
ers. Let us examine a dependence of cw lasing on pump-
ng power P in an EWA laser. According to Eq. (16), under
n increase of P, lasing first starts on the modes with the
ighest Q factors, i.e. first-order modes. The cw lasing on
hese modes will lock the inversion population on a con-
tant level determined by the equality of the rates of light
nergy amplification and dissipation. This means that
asing on the modes of the first order should prevent las-
ng on other modes. Hence, in a cw EWA laser, WGMs of
everal orders cannot be excited simultaneously.

In fact, only TE-polarized WGMs of the first order were
bserved in the emission spectra of the realized EWA
aser.20 Hence the number of emission lines in a high-
ower EWA laser can be decreased by several times in
omparison with that of a conventional laser. This pecu-
iarity opens new possibilities for cavity QEDs. Indeed,

any cavity QED effects depend on the separation be-
ween the MDRs in the emission spectra. In particular, an
ncrease of the separation between the MDRs should re-
ult in a corresponding increase of the stimulated emis-
ion cross section s, according to Refs. 43 and 44.

. Potential Applications
nother peculiarity of the EWA-based laser is the oppor-

unity to manipulate the mode’s Q factor by changing the
nvironment. In particular, it is possible to reach the re-
ime of strong coupling between the cavity modes and an
nternal atom or molecule or quantum dot. This peculiar-
ty could be used in basic research in the field of cavity
ED.5,45
The schemes with pumping energy stored and active
articles located in different parts of a volume could be
sed in the research of donor–acceptor energy transfer
rocesses. The spatial separation of donor and acceptor
olecules would provide more refined experimental con-

itions for the study of the role of WGMs in energy
ransfer.4

Also, excitation of the outer medium of a spherical cav-
ty can enrich spectroscopy based on spherical

icrosensors.5–7,19

Generally, spatial confinement and amplification of
ight are attracting increased interest from both basic and
pplied sciences. New concepts of microlaser design are
eing explored: microdisk, photonic crystal, random-
edia lasers, and so on. What is actually necessary for

asing is to compensate for round-trip energy losses in the
avity by the gain. Thus the basic concept of the microla-
er discussed in this paper can be extended to other laser
eometries as well.

. Experimental Accomplishments
ccording to Fig. 1(b), in the fluorescence of Rhodamine-
oped polymer microspheres, the evanescent escape of
mission from the microspheres was considerable. Actu-
lly, it was responsible for the visualization of the WGM.
ote that the width of the rim in Fig. 1(b) is approxi-
ately the chosen width of the evanescent field region in
ig. 1(a).
Lasing in an EWA laser was achieved for the first time

o the best of our knowledge by Fujiwara and Sasaki.19

hey showed that the optically active dye solution just
utside of a passive glass microsphere can function as a
ain medium for the optical cavity. In the experiments,
ilica glass microspheres of a radius a from 5 to 15 mm
nd the refractive index of 1.5 were dispersed in a
0−2–10−4 mol/ l solution of Rhodamine B (RhB) in dis-
illed water. In addition to the glass microspheres, PMMA
atex spheres with n3=1.5 and a=10–15 mm were used
or spectral measurement. The second-harmonic output of
Q-switched Nd:YAG laser was applied to excite the RhB

olution within a 5 mm spot just outside of the micro-
phere. The conclusion about demonstration of lasing was
rawn with three arguments. First, excitation of one edge
f a sphere sa=13 mmd by the green light at a high pump-
ng power P of 9 mW resulted in an intense red emission
ppearing on the illuminated side of the sphere. In addi-
ion, the red light was radiated by the whole cavity sur-
ace with a bright spot on the shadow edge. Second, the
mission spectrum of a PMMA latex 12.5 mm radius mi-
rosphere had anomalously enhanced MDRs of the TM
odes of the first order (with l=177–179). Third, the ex-

itation power dependence of the emission intensity of a
esonant peak at l=616 nm of a glass microsphere sa
14 mmd in 10−2 mol/ l RhB solution was determined. The
mission from the pure dye solution exhibited an approxi-
ately linear dependence of the red emission intensity on
. In contrast, the intensity of the resonant microsphere
mission increased by 2 orders of magnitude when P in-
reased from 1 to 10 mW. The steep growth of the peak in
he emission spectrum was observed at Pù7 mW, which
as assigned as the lasing threshold pumping power.
his threshold power was comparable with values re-
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orted previously for RhB-doped PMMA microspheres.
his fact allowed for the prediction of a number of appli-
ations of the novel laser scheme.

First, Fujiwara and Sasaki noted that dye molecules
oped in particles are easily degraded by photochemical
estruction or photo-oxidation.19 These effects should not
e important in an EWA laser because of thermal diffu-
ion of the dye molecules in the liquid solution. In addi-
ion to this advantage, a lasing microsphere was expected
o be utilized as an active precise microsensor. It could be
sed to visualize dielectric bodies in the near-field zone
nd to monitor the refractive index or the absorption co-
fficient of a thin layer of liquid on the microsphere inter-
ace.

In subsequent papers,20,46 experiments with capillary
icrocavity lasers based on the gain in the evanescent

eld region of WGMs were described. In these experi-
ents, composite cavities were used. Their basic element
as a fused-silica capillary of 200 mm inner and 320 mm
uter diameters filled by solutions of Rhodamine 6G
Rh6G) in ethanol or ethanol–glycerol mixtures. The dye
olecules were excited by 532 nm emission of the second

armonic of a Nd:YAG laser. Lasing at longer-wavelength
egions of the spectrum was observed after insertion of a
ong segment of a fused-silica optical fiber 123 mm in
iameter46 or a spherical melted tip of a fused-silica
ber.20 To confirm the effect of lasing on WGMs, the fol-

owing arguments were used: (i) Bright rims around the
ber and the microsphere were observed; (ii) an increase
f the pumping intensity led to a nonlinear growth of the
DRs in emission spectra; and (iii) a decrease of Rh6G

oncentration lowered the light absorption and conse-
uently resulted in a significant shift of lasing lines to-
ard shorter wavelengths. However, in the experiments,

eflection of light from the inner capillary surface was
ikely to be of importance since lasing was achieved with-
ut inserted internal cavities.46

Some of the theoretical and empirical findings of Refs.
0 and 46 are similar to the estimates of this paper. To
valuate the lasing threshold in the EWA laser, the au-
hors of Refs. 20 and 46 introduced an occupation factor
or the evanescent field of a WGM. This factor is analo-
ous to the factors of Eqs. (9) and (10). Analysis of lasing
pectra20,46 led to the conclusion that only single-order
odes could produce lasing, in accordance with the above

iscussion. As a rule, the number of observed lasing
odes was lower than the number of MDRs in the lasing

pectra of traditional Rh6G-doped spherical cavities.
oreover, under some experimental arrangements, just

ne mode was observed in the lasing spectrum.

. CONCLUSION
n this paper we provided a theoretical background for
he new scheme of the WGM laser. In the scheme, lasing
s achieved by excitation of the medium surrounding the
pherical cavity. In the ray-optics picture, light amplifica-
ion is obtained when a light ray reflects totally from a
avity surface with an active layer outside of it. In elec-
romagnetic theory, this corresponds to an increment of
he mode energy due to light amplification by the evanes-
ent part of the mode. The properties of this laser are
uite different from those of conventional WGM lasers.
The theoretical model proposed can be extended easily

o simulate experiments with nonuniform distributions of
ain.

PPENDIX A: SPONTANEOUS EMISSION IN
THREE-LAYERED SPHERICAL

TRUCTURE
he theoretical model of Ref. 22 enables calculation of the
ate of spontaneous emission A in a three-layered spheri-
al structure such as that shown in Fig. 1. A value of A
epends on the distance rd of the electric dipole from the
enter of the sphere and dipole orientation. Averaging
ver all equally possible dipole directions, we obtained the
ollowing formula for the normalized rate for emission in
ayer 3:

Asjd

Ah
= 1 +

3

2
ReS 1

z5j
o
l=1

`

hC0ls2l + 1dcl
2sz5jd

+ C1lfsl + 1dcl−1
2 sz5jd + lcl+1

2 sz5jdgjC , sA1d

here j;rd /a2, clsyd is the lth-order Ricatti–Bessel func-
ion of the argument y, z2f;kfaf, z2f+1;kf+1af,

Cpl =
TF2

pl

TP2
pl

TP1
pl RP2

pl + TF1
pl RP1

pl

TP1
pl + TF1

pl RP1
pl RF2

pl , sA2d

RPf
pl =

kf+1−pzlsz2fdzl8sz2f+1d − kf+pzl8sz2fdzlsz2f+1d

kf+1−pclsz2fdzl8sz2f+1d − kf+pcl8sz2fdzlsz2f+1d
, sA3d

RFf
pl =

kf+1−pclsz2fdcl8sz2f+1d − kf+pcl8sz2fdclsz2f+1d

kf+1−pzlsz2fdcl8sz2f+1d − kf+pzl8sz2fdclsz2f+1d
, sA4d

TPf
pl =

kffclsz2f+1dzl8sz2f+1d − cl8sz2f+1dzlsz2f+1dg

kf+1−pclsz2fdzl8sz2f+1d − kf+pcl8sz2fdzlsz2f+1d
, sA5d

TFf
pl =

kffclsz2f+1dzl8sz2f+1d − cl8sz2f+1dzlsz2f+1dg

kf+pclsz2f+1dzl8sz2fd − kf+1−pcl8sz2f+1dzlsz2fd
, sA6d

here indices p=0 and p=1 denote the transverse electric
TE) and transverse magnetic (TM) modes, respectively;
erivatives of the functions with respect to their argu-
ent are designated by the prime; zlsyd;spy /2d1/2

Hl+1/2
s1d syd where Hl+1/2

s1d is a Hankel function of the first
ind.23

To reduce a number of arbitrary input parameters, one
an average A over j:
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A = 3E
0

1

Asjdj2dj. sA7d

ote that the calculated rate A is a characteristic of emis-
ion inside the sphere, whereas the active medium can be
ocated outside of it. The integral on the right-hand side of
q. (A7) can be calculated by the following relation:

E
0

1 Uclszjd

clszd
U2

dj ; hin =
1

2H1 + 1

pl
2 − 2l+1

zpl
Imz = 0

Imszpl+1d

ImszdReszd
Imz Þ 0J ,

sA8d

here pl;clszd /cl−1szd.
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